Abstract In this paper, the author introduces the inhomogeneous Hausdorff type Besov and Triebel-Lizorkin spaces, which are the predual spaces of BesovMorrey and Triebel-Lizorkin-Morrey spaces. By calculating the Calderón product of the sequence spaces related to Hausdorff type Besov and Triebel-Lizorkin spaces, the author obtains the complex interpolation of these spaces. In particular, the complex interpolation for the predual spaces of Morrey spaces is also obtained.
Introduction
The study of Morrey spaces is traced to C. B. Morrey in 1938, nowadays has become a useful tool in the study of the existence and regularity of some elliptic equations.
Recall that the Morrey space L p τ (R n ) is defined to be the set of all p-locally integrable functions f such that
where P runs over all dyadic cubes in R n . Obviously,
In 1986, using
Another description of the predual space of Morrey spaces was later given by Kalita [10] in 1998. In 2004, using the Hausdorff capacities, Adams and Xiao [2] introduce the third kind of the predual of Morrey spaces, and proved that these three predual spaces coincide. These spaces were also used in [2] (see also [3] ) to calculate the Morrey type capacities. Recently, Rosenthal and Triebel [17] proved the boundedness of Calderón-Zygmund operators on Morrey spaces by first considering their boundedness on the predual spaces of Morrey spaces.
In a recent paper [42] , via Hausdorff capacities, the Hausdorff type Besov space BḢ s,τ p,q (R n ) and the Hausdorff type Triebel-Lizorkin space FḢ s,τ p,q (R n ) were introduced and proved to be the predual spaces of the homogeneous Besov-Morrey and TriebelLizorkin-Morrey spaces (see [13, 15, 27, 20] ), respectively. The predual spaces of Morrey spaces (see [43, 10, 2, 3] ) were also proved in [42] to be special cases of these spaces BḢ s,τ p,q (R n ) and FḢ s,τ p,q (R n ). Moreover, these scales of Hausdorff type spaces also cover some Hardy-Hausdorff spaces, which are known to the predual spaces Q α (R n ) spaces (see [8, 7, 33, 34] ). Inspired by [17] , these Hausdorff type spaces may serve as a useful tool in the study of boundedness of operators on Besov-Morrey and TriebelLizorkin-Morrey spaces. Indeed, because of the lack of the density of test functions, we can not prove the boundedness of operators on Besov-Morrey and Triebel-LizorkinMorrey spaces by first studying the mapping property of operators on test functions and then taking approximation. However, this can be done for their predual spaces since
Hausdorff type Besov and Triebel-Lizorkin spaces support the density of test functions.
Once we obtain the boundedness on predual spaces, a dual argument then gives the desired boundedness of operators on Besov-Morrey and Triebel-Lizorkin-Morrey spaces.
The main purpose of this paper is to consider the complex interpolation properties for the Hausdorff type Besov space and the Hausdorff type Triebel-Lizorkin space. The interpolation theory is known to be a very useful and important tool in various branches of mathematics such as harmonic analysis and the theory of operators. For Besov and
Triebel-Lizorkin spaces, the study of their complex interpolation has been an attractive topic for long time; see, for example, Schechter [22, 23] , Peetre [16] , Bergh-Löfström [4] , Triebel [28, 29, 30] , Frazier-Jawerth [9] , Kalton-Mayboroda-Mitrea [11] , Bownik [5] and [26] . Of special importance for us is the paper [9] by Frazier and Jawerth, who transferred the interpolation problem from function spaces to the related sequences, and the latter are usually more easy to handle. Another important tool we need is an abstract interpolation theory for quasi-Banach function spaces developed by Kalton and Mitrea in [12] (see also [11] ), which establishes the coincidence of Calderón products and the complex interpolations of quasi-Banach lattices under certain conditions.
We One of the main obstacles in applying Kalton and Mitrea's approach (see [12] ) to these Hausdorff type spaces is that it is unclear whether the spaces FH 
Preliminaries and the main result
In this section, we present the definition and some properties on Hausdorff type
Besov and Triebel-Lizorkin spaces, and also complex interpolations. The main result of this paper is listed in the end of this section.
We begin with some notation. Denote by N 0 the natural numbers including 0. Let S(R n ) be the space of all Schwartz functions on R n endowed with the classical topology and S (R n ) its topological dual space, namely, the set of all continuous linear functionals on S(R n ) endowed with the weak- * topology. We use f to denote the Fourier transform
In what follows, for all ϕ ∈ S(R n ) and j ∈ N, we let
where the infimum is taken over all countable open ball coverings {B(x j , r j )} j of E;
see, for example, [1, 35] . For any function f :
It is known that there exists a positive constant C 0 such that, for all nonnegative
3)
For any measurable functions ν on R
Definition 2.1. Let s ∈ R, p ∈ (1, ∞) and τ ∈ (0, p,q (R n ) with q ∈ (1, ∞) are defined, respectively, to be the sets of f ∈ S (R n ) such that
where the infimums are taken over all nonnegative Borel measurable functions ν on
In what follows, we use AH
. Similar to the arguments for the homogeneous version of
, we see that the space AH s,τ p,q (R n ) is independent of the choice of ϕ 0 and ϕ; moreover, the space AH s,τ p,q (R n ) is a quasi-Banach space, indeed, for all
where C 0 is as in (2.3). Also, by an argument similar to that used for [41, Lemma 7.9], we know that the Schwartz class
Remark 2.2. It was proved in [42] that if p ∈ [q, ∞), then the homogeneous version of FH s,τ p,q (R n ) coincides with the homogeneous Triebel-Lizorkin-Hausdorff spacė [36] . The same argument is also feasible for inhomogeneous
in [41] .
We now recall the Besov-Morrey and Triebel-Lizorkin-Morrey spaces introduced and studied in [13, 15, 27] . Notice that the notation here is slightly different from those used in these papers.
and ϕ 0 and ϕ be as in Definition 2.1. [20] . 
where the supremums are taken over all dyadic cubes P .
It was proved in [41, Corollary 3.3] (see also [21 
p,∞ (R n ) with equivalent quasi-norms and, when q ∈ (0, ∞) and τ
For more information on these spaces, we refer to [20, 18, 19, 36, 37, 40, 41, 24, 25] .
Remark 2.5. Let p ∈ (1, ∞) and τ ∈ (0, 1/p). The space H p τ (R n ) is defined to be the set of all p-locally integrable functions f such that
where the infimum is taken over all nonnegative measurable functions w on R n satis-
Recall that the space H 
with equivalent quasi-norms.
As the inhomogeneous version of [42, Theorem 1.10], one can prove that the dual
The proof is similar and we omit the details.
defined initially for all f ∈ S(R n ), has a bounded extension to AH
Conversely, if L is a bounded linear functional on AH s,τ p,q (R n ), then there exists
is not more than a positive constant multiple of L , and L can be represented in the form (2.7) for all f ∈ S(R n ).
Let ϕ 0 and ϕ be as in Definition 2.1. For s ∈ R, q ∈ (0, ∞], p ∈ (0, ∞) and ω being a nonnegative measurable function on R n , the weighted Triebel-Lizorkin space F is defined to be the set of all f ∈ S (R n ) such that
where, for any ω(x) dx-measurable function g,
As the inhomogeneous counterpart of [42, Theorem 1.6], we have the following equiv-
(i) There exists a positive constant C such that for all f ∈ S (R n ),
and
, where the infimums are taken over all nonnegative Lebesgue measurable functions ω on R n satisfying that
(ii) If τ ∈ (0, 1/p ), then the infimums of ω in (i) can be further limited to all
class.
Now we recall some basic notions about the classical complex interpolation of quasiBanach spaces; see, for example, [6, 12, 11] . Consider a couple of quasi-Banach spaces X 0 , X 1 , which are continuously embedding into a large topological vector space Y . The space X 0 + X 1 is defined by
and its norm is defined by
Let X be a quasi-Banach space, U := {z ∈ C : 0 < Rez < 1} and U be its closure, here and in what follows, for any z ∈ C, Rez denotes its real part. A map f :
U → X is said to be analytic if, for any given z 0 ∈ U , there exists η ∈ (0, ∞) such that
A quasi-Banach space X is said to be analytically convex if there exists a positive constant C such that, for any analytic function f : U → X which is continuous on the
It is well known that all Banach spaces are analytically convex.
Suppose that X 0 + X 1 is analytically convex. The set F := F(X 0 , X 1 ) is defined to be the set of all functions f : U → X 0 + X 1 satisfying that (i) f is analytic and bounded in X 0 + X 1 , which means that f (U ) := {f (z) : z ∈ U } is a bounded set of X 0 + X 1 .
(ii) f is extended continuously to the closure U of the strip U such that the traces t → f (j + it) are bounded continuous functions into X j , j ∈ {0, 1}, t ∈ R.
We endow F with the quasi-norm
Let X 0 , X 1 be two quasi-Banach spaces such that X 0 + X 1 is analytically convex.
Then the complex interpolation space [X 0 , X 1 ] θ with θ ∈ (0, 1) is defined by
The main purpose of this paper reads as follows.
Remark 2.9. Notice that for the Hausdorff Besov-type space we do not obtain the interpolation for full parameters. The reason we need the restriction q i ≥ p i is that without this condition, we can not prove the Hausdorff Besov-type space can be renormed as Banach space, which is needed when we use the interpolation approach by Kalton and Mitrea. It is still unclear whether this restriction can be removed.
As an immediate consequence of Theorem 2.8 and Remark 2.5, we have the following interpolation for predual spaces of Morrey spaces.
, and
If (2.9) holds true, then
From Theorem 2.8, we also deduce the following interpolation property of linear operators on Hausdorff type Besov and Triebel-Lizorkin spaces.
Proposition 2.11. Let all parameters be as in Theorem 2.8 and (X 0 , X 1 ) be a couple of analytically convex quasi-Banach spaces.
(i) If the linear operator T is bounded from X i to AH
(ii) If the linear operator T is bounded from AH
As a special case, we obtain the corresponding interpolation property of operators Finally, we make some conventions on notation. Throughout the paper, we denote by C a positive constant which is independent of the main parameters, but it may vary from line to line. The symbols A B means A ≤ CB. If A B and B A, then we write A ∼ B. If E is a subset of R n , we denote by χ E its characteristic function.
Hausdorff type tent spaces
In this section we study the tent spaces related to the space AH s,τ p,q (R n ), and establish their atomic decomposition, which are further used to show that AH s,τ p,q (R n ) can be renormed as Banach spaces for some parameters.
Definition 3.1. Let s ∈ R, p ∈ (1, ∞) and τ ∈ (0, such that In what follows, we use AT
). When A = F, then q ∈ (1, ∞). Similar to the proof of [42, Theorem 1.6], one can prove the following conclusions.
Then for all functions F on R
, where the infimums are taken over all nonnegative Lebesgue measurable functions ω on R n satisfying (2.8).
We now introduce atoms related to these tent spaces.
: B(x, t) ⊂ B} and satisfies that ) can be characterized by atoms, we need the following lemma.
) and there exists a positive constant C, independent of {G j } j , such that
(ii) The corresponding result for BT
) also holds true when q ≥ p.
Proof. (i) Without lost of generality, we may assume that
For any ε > 0, by Proposition 3.2, we can take ω j ≥ 0 such that
Moreover, by the Minkowski inequality, we see that
Notice that, by the Hölder inequality,
which proves (i).
(ii) We now consider the B-space case. Let F j be as above. Then for any ε > 0, we can take ω k,j ≥ 0 such that
This time, by the Hölder inequality, we have
Since q ≥ p, by the Minkowski inequality, we see that
which proves (ii), and then completes the proof. 
) is equivalent to inf m |λ m |, where the infimum is taken over all admissible decompositions of F .
(ii) When q ≥ p, the corresponding conclusion for BT 
Let ϕ 0 and ϕ be as in Definition 2.1 such that
We define an operator ρ ϕ by setting ρ ϕ (f )(x, 2 −j ) := ϕ j * f (x) for all f ∈ S (R n ), x ∈ R n and j ∈ N 0 . Conversely, for all functions F on R n+1 N 0 and x ∈ R n , we define a map π ϕ by
By the Calderón reproducing formula, we know that
. In this sense, by the previous argument, we can endow AH s,τ p,q (R n ) with an equivalent norm
, and hence are analytically convex.
Recall that the property that FH s,τ p,p (R n ) can be re-normed as Banach space was used in [38] to prove that the dual space ofFM
where s ∈ R, p ∈ (1, ∞) and τ ∈ (0, 1/p),ÅM
Since this time we prove that AH
re-normed as Banach spaces, repeating the procedure used in [38] , we can prove the following conclusion, the details being omitted.
Theorem 3.6. Let s ∈ R, p, q ∈ (1, ∞) (q ≤ p for B cases) and τ ∈ (0, 1/p ).
Then the dual space ofÅM
p ,q (R n ) in the following sense: for any
defined initially for all f ∈ S(R n ), has a bounded extension toÅM
Conversely, if L is a bounded linear functional onÅM
is not more than a positive constant multiple of L , and L can be represented in the form (3.1) for all f ∈ S(R n ).
Proof of Theorem 2.8
In this section, we give the proof of Theorem 2.8. One of the main tool we used is the wavelet decomposition of the space AH s,τ p,q (R n ), which transfers the problem to the corresponding sequence spaces.
Let φ be a scaling function on R with compact support and of sufficiently high regularity, and ψ the corresponding orthonormal wavelet. Then the tensor product ansatz yields a scaling function φ and associated wavelets ψ 1 , . . . , ψ 2 n −1 , all defined on R n ; see, e. g., [32, Proposition 5.2] . We suppose that φ ∈ C N 1 (R n ) and supp φ ⊂ [−N 2 , N 2 ] n for some natural numbers N 1 and N 2 , which means that, for all i ∈ {1, . . . , 2 n − 1},
For k ∈ Z n , j ∈ N 0 and i ∈ {1, . . . , 2 n − 1}, define
It is well known that
(see [32, Proposition 3 .1]), and
forms an orthonormal basis of L 2 (R n ) (see, for example, [31] ). Hence
, where λ k := f, φ 0,k and λ i,j,k := f, ψ i,j,k . In what follows, for convenience, we also write φ i,0,k := φ 0,k and λ i,0,k := λ k for all i ∈ {1, . . . , 2 n − 1}, and
Next we recall the related sequence spaces.
Definition 4.1. Let s ∈ R, p, q ∈ (1, ∞) and τ ∈ (0, 1/p ]. The sequence space aH s,τ p,q (R n ) is defined to be the space of all sequences t := {t i,j,k : i ∈ {1, . . . ,
, and when a = f ,
, and the infimum is taken over all nonnegative Borel measurable functions ν on R Proposition 4.2. Let s ∈ R, τ ∈ (0, 1/p ] and p, q ∈ (1, ∞). Assume that
if, and only if, f can be represented as 
Recall that a quasi-Banach space (X, · ) of complex-valued measurable functions is called a quasi-Banach lattice if, for any f ∈ X and a complex-valued measurable function g satisfying |g| ≤ |f |, then g ∈ X and g X ≤ f X . Given two quasi-Banach lattices (X i , · i ), i ∈ {0, 1}, and θ ∈ (0, 1), the Calderón product
and its norm is defined by f X 1−θ 0
, where the infimum is
It is easy to see that the sequence spaces aH s,τ p,q (R n ) are quasi-Banach lattices. .
For all x ∈ R n and t ∈ (0, ∞), define ν(x, t) := sup{ν(y, t) : |y − x| < √ nt}. Then by [41, Lemma 7 .16], we know that a constant multiplication of ν also satisfies (2.6).
Moreover, for all x ∈ Q with (Q) = 2 −j ,
where M denotes the Hardy-Littlewood maximal operator. Then, applying the Fefferman-Stein vector-valued inequality, we obtain the desired conclusion.
In 1998, Kalton and Mitrea [12, Theorem 3.4 ] proved the following conclusion, which has become a powerful tool to study the complex interpolation of quasi-Banach function spaces; see, for example, [11, 39, 26] . 
